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Abstract 
Let G be a finite group. The symmetric genus of G is the minimum genus of any Riemann 
surface on which G acts faithfully. Here we determine a useful lower bound for the symmetric 
genus of a finite group with a cyclic quotient group. The lower bound is attained for the family of 
K-metacyclic groups, and we determine the symmetric genus of each nonabelian subgroup of a 
K-metacyclic group. We also provide some examples of other groups for which the iower bound 
is attained. We use the standard representation of a finite group as a quotient of a noneuclidean 
crystallographic (NEC) group by a Fuchsian surface group. 
Keywords: Symmetric genus; Riemann surface; Metacyclic group; Noneuclidean crystallographic 
group; Automorphism group 
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1. Introduction 
The symmetric genus a(G) [I91 of a finite group G is the minimum genus of any 
Rieniann surface on which G acts faithfully (possibly reversing orientation). There are 
now many results on the symmetric genus of various classes of groups. For example, 
the symmetric genus of a finite abelian group has been completely determined [ 131. 
The groups which have symmetric genus zero are also well known, and the groups of 
symmetric genus one have been classified in a sense [6, Section 6.3.31; also see [16]. 
We begin by giving a general lower bound for the symmetric genus of a group that has 
a cyclic quotient group. This lower bound applies to metacyclic groups, of course, but 
also to many other groups. The bound is attained for several infinite families of groups. 
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In particular, the bound is attained for an interesting family of metacyclic groups, the 
K-metacyclic groups. We concentrate on these groups. 
A K-metacyclic group G has commutator subgroup G’ of prime order p, and a cyclic 
commutator quotient G/G’ of order p - 1. In addition, the action of G/G’ on G’ is 
faithful. These metacyclic groups are called K-metacyclic because their structure was 
investigated by Kronecker. The nonabelian subgroups of K-metacyclic groups inherit 
most of the important properties of the K-metacyclic groups. 
The K-metacyclic groups of genus one have been completely classified [5], and some 
additional metacyclic groups are known to have this genus [3,4]. We complete the classi- 
fication of the nonabelian subgroups of K-metacyclic groups that have symmetric genus 
one. Only those subgroups of K-metacyclic groups which have commutator quotient 
G/G’ of order 2, 3, 4, or 6 have symmetric genus zero or one. We then determine the 
genera of the nonabelian subgroups of the K-metacyclic groups with symmetric genus 
greater than one. The calculations divide naturally into two cases, depending on whether 
the order of G is even or odd. 
We use the standard representation of the group G as a quotient of a noneuclidean 
crystallographic (NEC) group r by a Fuchsian surface group K. Then G acts on the 
surface U/K, where U is the upper half-plane. 
2. NEC groups and an upper bound 
Noneuclidean crystallographic groups (NEC groups) have been quite useful in inves- 
tigating group actions on surfaces. We shall assume that all surfaces are compact. Let C 
denote the group of automorphisms of the open upper half-plane U, and let C+ denote 
the subgroup of index 2 consisting of the orientation-preserving automorphisms. An NEC 
group is a discrete subgroup r of L (with compact quotient space U/r). If r C Cc+, then 
r is called a Fuchsian group. If r $Z L+, then r has a Fuchsian subgroup r+ = rn C’ 
of index 2. 
Associated with the NEC group r is its signature, which has the form 
(p;f;[h ,.“, q;{(w ,... ,%J,...,(~~ ,‘...‘~k,,)}) (2.1) 
The quotient space X = U/r is a surface with topological genus p and k: holes. The 
surface is orientable if the plus sign is used and nonorientable otherwise. Associated with 
the signature (2.1) is a presentation for the NEC group r. For these presentations and 
more information about signatures, see [lo] and [17]. 
Let r be an NEC group with signature (2.1). The noneuclidean area p(r) of a fun- 
damental region r can be calculated directly from its signature [17, p. 23.51: 
/L(r)/2i=np+b_2+i:(i-~)+f: ~+!-), 
i=l i=l j=l 
(2.2) 
where Q = 2 if the plus sign is used and cy = 1 otherwise. 
An NEC group K is called a s/&ace group if the quotient map from U to U/K is 
unramified. These groups are especially important in studying Riemann surfaces. Let X 
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be a Riemann surface of genus g > 2. Then X can be represented as U/K where K is a 
Fuchsian surface group with p(K) = 4x(g - 1). Let G be a group of dianalytic automor- 
phisms of the Riemann surface X. Then there is an NEC group I’ and a homomorphism 
4: T + G onto G such that kernel 4 = K. 
If A is a subgroup of finite index in r, then [r : .4] = p(A)/p(F). It follows that the 
genus of the surface U/K on which G 2 r/K acts is given by 
g = 1+0(G) .p(T)/47r. (2.3) 
Minimizing g is therefore equivalent to minimizing p(r). Among the NEC groups r for 
which G is a quotient of r by a surface group, we want to identify the one for which 
p(r) is as small as possible. 
There is a general lower bound for the symmetric genus of a finite group in terms of 
its order [14, Section 43. A general upper bound will be quite helpful here. This is easy 
to establish and is certainly well known. We provide a short proof. 
Theorem A. Let G be a finite group with generators ~1, . . . , z,, where o(z,) = rni and 
the product z1 z2 . ’ z, = 1. If a(G) > 2, then 
a(G) < 1 + ;o(G) 
[r-2-%$]. 
Proof. In special cases (in which the right-hand side of (2.2) is not positive), G is a 
group of symmetric genus zero or one [6, pp. 285-2951. In the remaining cases, let r 
be the NEC group with signature (0; f; [ml, . . . , m,]; { }). The group r is generated 
byx~,..., 5, with defining relations 
(Zip =x1x2”‘xT = 1 
Define a homomorphism 4 : r + G by 4(~) = hi, and let K = kernel 4. Then K 
contains no elements of finite order. Thus K is a surface group, and G Z r/K is a 
group of automorphisms of the Riemann surface X = U/K. Let g be the genus of X. 
Since G acts on X, a(G) < g, and by (2.2) and (2.3) we have our upper bound. 0 
The similar upper bound for the graph-theoretical genus of a group is in [20, p. 931. 
The related result for the real genus parameter is in [ 11, p. 7121. 
3. A lower bound 
Here we establish a useful lower bound for the symmetric genus of a group that has a 
cyclic quotient group. The bound will apply, of course, to metacyclic groups. The bound 
is useful only if the order of the quotient group is not too small, however. 
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Theorem 1. Let N be a normal subgroup of ajnite group G where G/N is cyclic of 
order q and q = 5 or q 3 7. Let n be the order of N, and write q = 2S 1 where 1 is 
odd. If a(G) 3 2, then 
1 + n(q - 8)/4, if s = 2, 
g(G) > 1 + n(q - 6)/4, if s = 1, (3.1) 
1 + n(9 - 4)/4, if s = 0 or s > 3. 
Furthermore, if the bound is attained, then G is a 2-generator group. 
Proof. Let G act on the Riemann surface X of genus cr = g(G) 2 2. Represent X 
as U/K where K is a surface group, and obtain an NEC group r with signature (2.1) 
and a homomorphism 4: r + G onto G such that kernel 4 = K. If z E r, we write 
z = d(z). 
Let M = p(r)/2 rr; we obtain a lower bound for M, since by (2.3) we have 
g = 1-t +0(G). M = 1 + ;nqM. (3.2) 
We distinguish three cases, depending on the topological type of X/G. 
Case I. G acts on X with reflections so that X/G = U/I’ is a bordered surface 
and 5 3 1. Let y = (up + k - 1 denote the algebraic genus of the quotient space 
Y = U/r, and simplify the canonical presentation for r as in [ 11, Section 21. In this 
simplified presentation, there must be at least one element with order larger than two, 
since r/K 2 G and G is not generated by involutions. It follows (as in [I 11) that 
y + t > 1. If y > 2, then obviously M 3 1. 
First suppose y = 1. If t > 1, then easily M 3 l/2. Assume t = 0. If p were 
0, then r and G would be generated by involutions. Hence p = 1 and I? = 1 (Y is 
nonorientable). In this case, there must be at least two link periods equal to 2 [ 1, p. 2641, 
and M > 2. (l/4) = l/2. 
Now assume y = 0 so that the quotient space Y = U/r is the disc D. Then t > 1 
with at least one ordinary period larger than two. If t > 3, then easily M 3 -1 + 
213 + 2 . (l/2) = 213. Suppose next that t = 2 and the quotient mapping U + D is 
ramified above aD. Again there are at least two link periods equal to 2, and we have 
Ma-1+2/3+1/2+2.(1/4)=2/3. 
Continue to assume y = 0 and t = 2, but now suppose there is no ramification above 
aD. Then the group r has signature (0; +; [Xi, X2]; { ( )}) and presentation 
zx1 = y x2 = c2 = [c, e] = zye = 1. 
Here we may take Xi < X2. Clearly e is redundant, and the quotient group G ” r/K is 
generated by 3, tj, E. Since 2, is a quotient of G by N, there is also a homomorphism 
CY:G + 2, of G onto 2,. 
First suppose Xi = 2. Assume 4 divides q or q is odd (s # 1). In either case, 
(-U(Z) and a(~) are nongenerators of 2, (possibly the identity) so that ~(a@)) = q and 
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X2 = o(g) 3 q. Now M 3 (q - 2)/2q. Next suppose q = 21, with 1 odd (s = 1). Then 
o(Q(~)) 3 1 and X2 = o(D) 3 1. In this case M 3 (q - 4)/2q. 
Next suppose Xt = 3. Since q is not 3 or 6, X2 = 3 is not possible. If X2 = 4, 
then q 6 12 so that (q - 2)/2q < 5/12 = M. If X:! = 5, then q < 30 and again 
(q - 2)/2q < M. If X2 > Xt 3 4, then M > 1 - l/4 - l/4 = l/2. 
Finally suppose y = 0 and t = 1. The group r has signature (0; +; [Xl; {(C)}), and 
the period cycle C is not empty. Thus 
The group r is generated by x, e and some reflections, and xx = xe = 1. Thus the 
quotient group G is generated by one element (2) plus some involutions; this must also 
be true for 2,. Suppose q is odd or a multiple of 4. Then in Z,, each involution is a 
nongenerator and so o(cr(%)) = q and X = o(Z) 3 q. Now M > (q - 2)/2q. Finally 
suppose q = 21 where 1 is odd. In this case ~(a(?)) 3 1 and X = o(3) > 1. Then 
M 3 (q - 4)/2q. 
Note that in Case I we always have M > (q - 4)/2q; further the bound (3.1) is not 
attained. 
Case II. G acts on X without reflections so that X/G = U/r is a surface without 
boundary and r has no period cycles (Ic = 0). Also assume that the quotient space U/r 
is orientable so that r has signature (p; +; [Xl, . , A,]; { }). If p > 2, then obviously 
M32.Ifp=l,thent>landeasilyM31/2. 
Assume p = 0. Then clearly t > 3 (since M > 0). If t > 5, then M 2 -2+5. (l/2) = 
l/2. Suppose t = 4. Then the group r has signature (0; +; [Xt , X2, X3, A,]; { }), where 
we may take Xt < X2 < X3 < X4. If M < l/2, then we must have Xt = X2 = 2 and 
X3 is either 2 or 3. In these cases, it is not hard to see that q would divide 6. Therefore, 
M 3 l/2. 
Assume p = 0 and t = 3. Then the group r has signature (0; +; [Xl, AZ, A,] ; { }) and 
presentation 
XX’ = $2 = @J/)X‘ = 1. 
We may assume Xt < Xz < X3. The quotient group G ?’ r/K is generated by Z and $j, 
of course. Again there is a homomorphism Q: G + 2, of G onto 2,. If X1 3 6, then 
easily M 3 l/2. We consider 2 < Xt < 5. 
First suppose Xt = 2. Assume 4 divides q or q is odd (s # 1). In either case, Q(Z) is a 
nongenerator of 2, (possibly the identity) so that o(o$j)) = q and X3 > X2 = o(y) > q. 
Now 
M 2 i - 1 - ! = (q _ 4)/2q, 
2 Q 4 
Next suppose q = 21, with 1 odd (s = 1). Then o(o$j)) is 1 or 21 = q. If o(cr(g)) = q, 
then again X3 3 X2 = o(y) 3 q and M > (q - 4)/2q. Suppose o(~(y)) = 1. Then 
X2 = o(y) 3 1. But now o(Z jj) = 21 and Xx = o(Zg) 3 21. Thus 
M+_L_2_! 
1 21 2 4 4 
= (4 - 6)/G 
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Next suppose Xt = 3. If X3 3 Xz 3 12, then M 3 1 - l/3 - 2. (l/12) = l/2. 
There are subcases to consider for 3 < X2 < 11, but none of these is hard. For example, 
suppose X2 = 5. Then q is 5 or 1.5. If q = 5, then easily (q - 4)/2q < M. If q = 15, 
then Xs 3 15 and again (q - 4)/2q < M. 
Suppose Xt = 4. If also X2 = 4, then q would divide 4. If X:! = 5, then q is 5, 
10 or 20. If q is 5 or 10, then easily (q - 4)/2q < M. If q = 20, then X3 > 20 
and again (q - 4)/2q < M. If X2 = 6, then q could only be 12, and if X2 = 7, 
then q < 28. In either case we have (q - 4)/2q < M. Finally, if X3 3 X2 > 8, then 
M 3 1 - l/4-2.(1/8) = l/2. 
Suppose X1 = 5. If also X2 = 5, then q = 5. If X2 = 6, then q < 30 and we find 
(q - 4)/2q < M. Finally if X2 3 7, then M 3 1 - l/5 - 2. (l/7) > l/2. 
Case III. G acts on X without reflections so that X/G = U/r is a surface without 
boundary and r has no period cycles (k = 0). Now assume that the quotient space 
U/r is nonorientable so that r has signature (p; -; [Xl,. . , A,]; { }). If p > 3, then 
obviously M 3 1. If p = 2 then t > 1 and M 3 l/2. Assume p = 1. Then clearly t 3 2 
(since M > 0). If t > 3, then easily M 3 - 1 + 3 . (l/2) = l/2. 
Assume p = 1 and t = 2. Then the group r has signature (1; -; [X1, X2]; { }) (with 
Xt < X2) and presentation 
The quotient group G E r/K is generated by II: and a. Again there is a homomorphism 
a:G --+ 2, of G onto 2,. 
First suppose Xt = 2. Assume q = 41, with 1 odd (s = 2). In this case, a(%) is a 
nongenerator of 2, (possibly the identity) so that o(cr(ti)) = q. Then o(cy(ii2)) = 21. 
Now o(g) 3 1 and X2 > 1. Here we have 
M>L;=“- 
2 q - (4 - 8)/2q. 
Assume q = 81 (s 3 3). Again ~(3) is a nongenerator of 2, (possibly the identity) 
so that o(a(a)) = q. Then o(a(ii2)) = 41. Now o(g) 3 41 and X2 3 41. In this case 
M+&‘_’ 
2 4 
= (4 - 4)/2q. 
Next suppose q = 21, with 1 odd (s = 1). Then ~(a(%)) is 1 or 21 = q. In either case 
o(a(a’)) = 1. Then o(o@)) > 1 and X2 = o(y) 3 1. We have M 3 (q - 4)/2q. 
Finally suppose q is odd (s = 0). Then o(Z) is the identity in 2, so that o(a(a)) = q. 
Also o(a(iL2)) = q and ~(a@)) = q. N ow X2 = o(a)) 3 q and M 2 (q - 2)/2q. 
Next assume Xt = 3. If X2 > 6, then easily M 3 l/2. Suppose X2 = 3; then o(cy(Ti)) 
divides 6 and q would also divide 6. Next assume X2 = 4. Then o((~(zi)) divides 24 and 
q < 24. We have 
Now assume X2 = 5. Then o(cu(%)) divides 30 and q < 30. Similarly, we find (q - 2)/ 
2q < M. 
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Finally, if X:! > X1 3 4, then A4 > l/2. 
A review of the calculations together with (3.2) provides the lower bound for a(G). In 
each case in which the bound is attained, the group G must be a 2-generator group. 0 
It is interesting to note how the bound (3.1) is attained. If s = 1, then the 
bound is attained if and only if G is a quotient of the triangle group with signature 
(0; +; [2, q/2, q]; { }); in th’ 1s case the quotient space X/G is the Riemann sphere with 
the ramification indices of the quotient mapping given by the periods 2, q/2, q, If s = 2, 
then the equality is realized in case G is a quotient of the NEC group with signature 
(l;-;[2,q/4]; { }); h’ m t 1s case X is a ramified covering of the real projective plane. 
Finally, if s = 0 or s 3 3, then the bound is attained when G is a quotient of the NEC 
group with signature either 
(0; +; [2,4,41; { 1) or (1; -_; [&q/2]; { }). 
In addition, if q = 24, the NEC group with signature (1; --; [3,4]; { }) will also give a 
minimum. 
The lower bound of Theorem 1 is attained for many metacyclic groups as we will 
show. However, it is also attained for other groups. In particular, it is attained for many 
groups which are semidirect products of elementary abelian 2-groups by cyclic groups. 
Corollary. Let G = Zi x 0 Zt be the semidirect product where Zt operates by cyclically 
permuting the factors of Zz. Ift is odd, t > 3, then a(G) = 1 + 2t-2(t - 3). 
Sketch of proof for t > 3. It can be shown by induction that G’ consists of all vectors 
in Zi with an even number of 1 ‘s. Therefore, G/G’ E Z2t and Theorem 1 with s = 1 
gives 
U(G) 3 1 + 2t-‘(2t - 6)/4. 
Now let Z, = (c). If 31 = ((1,0 ,..., 0), l), 52 = ((O,O,. ..,O),c), and %3 = 
((O,O, . . . , l), c), then 21%22x = 1 and these 3 elements generate G. Also the orders 
of 21, 32 and I3 are 2, t, and 2t. Therefore, by Theorem A 
g(G) < 1 + t 2t(3 - 2 - l/2 - l/t - 1/2t)/2 = 1 + 2t-‘(t - 3)/2. 
Example 1. Let 
G = Z2’ x0 Z,2 = (a,@ x6 (c) 
where c-’ ac = ab and c-‘bc = a. Then a(G) = 5, which is the lower bound of 
Theorem 1. It is easy to check that q = 12, n = 4 and s = 2 in Theorem 1, and thus 
g(G) 3 5. Let r be the NEC group with signature (1; -; [2,3]; { }). The map that takes 
XI to a@, 52 to ac4 and x3 to c is an onto homomorphism with kernel a surface group. 
This shows that g(G) < 5. 
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Example 2. Let G = 2: xg 28 where 2s = (c) and the action of c is given by the 






Then a(G) = 33, which is the lower bound of Theorem 1. It is easy to check that q = 8, 
n = 32 and s = 3 in Theorem 1 so that g(G) > 33. Let r be the NEC group with 
signature (0; +; [2,8,8]; { }). A bit of computation shows that G is the image of r and 
so o(G) < 33 by Theorem A. 
All of our examples where equality holds in Theorem 1 have been solvable groups. 
However, as the next example shows, this is not necessary. Indeed, the structure of groups 
where equality holds in Theorem 1 can vary wildly. 
Example 3. Let SL(2, 28) be the special linear group over the finite field K with 28 
elements. This group is simple, since its center is trivial. The map which takes any element 
of K to its square is an automorphism of the field. Define the map LY from SL(2, 28) 
to itself by squaring each component of the matrix. The map (Y is an automorphism 
of order 8, called a field automorphism. Define the group G as the semidirect product 
SL(2, 28) x, (a). Therefore, q = 8, n = 16776960 and s = 3 and so Theorem 1 says 
that c > 16776961. The nonzero elements of K are powers of a generator w. It is 
possible to find generators x and y of G satisfying x2 = y8 = (xY)~ = 1, and so G is a 
quotient of the NEC group with signature (0; f; [2,8,8]; { }). This means that equality 
holds in Theorem 1. Examples of such generators are: 
4. Metacyclic groups 
A group is metacyclic (in the sense of Zassenhaus) if both its commutator subgroup and 
commutator quotient group are cyclic. This type of metacyclic group has presentation 
Am=Bn=l, B-‘AB = A’ (4.1) 
with gcd(r, m) = 1 and P = 1 (mod m). If, in addition, gcd(r - 1, m) = 1, then both 
G’ and G/G’ are cyclic. We shall denote the group with presentation (4.1) and these 
conditions by (m, n, r). Each of these groups is metacyclic, and, conversely, every finite 
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metacyclic group (in the sense of Zassenhaus) is isomorphic to one of these groups [21]. 
For additional details, see [2, pp. 9-l 1; 7, pp. 146-1481 or [5, pp. 166, 1671. 
The K-metacyclic groups are an interesting special type of metacyclic group. A 
K-metacyclic group is a metacyclic group (p, p - 1, T), where p is a prime number 
and the number T is a primitive root modulo p. In other words, the powers of r represent 
every nonzero residue class of the prime p. 
Now let G be a nonabelian subgroup of a K-metacyclic group for some prime p. 
It is easily checked that G’ has order p and G/G’ has order q which divides p - 1. 
Thus G is a metacyclic group (p, q, r). The number T generates a cyclic group of order 
q in the nonzero integers modulo p under multiplication. Note that if Gt and Gz are 
subgroups of a K-metacyclic group of forms (p, q, rl) and (p, q, rz), respectively, then 
Gt is isomorphic to G2. It follows that the parameter r will not be present in the genus 
formula. 
Every element of the group G can be written in the canonical form BjAi where 
0 < i < p and 0 < j < q. Using this canonical form, it is easy to check that the 
center of G is trivial (that is, Z(G) = 1). The following basic results are quite helpful 
in calculations in K-metacyclic groups. They are easy to establish and also appear in [5, 
p. 1671. 
Proposition 1. Let G be a nonabelian subgroup of type (p, q, r) of a K-metacyclic 
group. Then (BjAi)’ = Bj’Aib where b = (rj’ - l)/(rj - 1). rfj $ 0 (mod q), then 
the order of the element BjAi is q/gcd(j, q). 
Proposition 2. Let G be a nonabelian subgroup of type (p, q, r) of a K-metacyclic group, 
and let {B”” A”% Ii = 1, . . . , k} be a set of elements of G. These elements generate G if 
and only if gcd(ut , . . . , uk, q) = 1 and at least two of the elements do not commute. 
5. Groups of small genus 
Here we determine which of the K-metacyclic groups (and their subgroups) have 
symmetric genus zero or one. Most of the work has already been done. For groups of 
genus zero or one, there is a close connection between the symmetric genus and the graph 
theoretic genus y(G) [20] of a group G. We always have r(G) < a(G) [19, p. 901. 
The groups of symmetric genus zero and graph theoretic genus zero are the same; 
these groups are quite well known. For each prime p, the metacyclic group (p, 2, r) is a 
dihedral group and thus has symmetric genus zero. None of the other groups of genus 
zero is metacyclic. See [6, Section 6.3.21. 
The groups of genus one are also known, at least in a sense. In 1978 Proulx completed 
the classification of the groups of graph theoretic genus one [ 161. These groups fall into 
thirty classes, many of which are infinite. Each class is characterized by a presentation, 
typically a partial one. The two genus parameters usually agree in genus one. If c(G) = 1, 
then also y(G) = 1. On the other hand, if y(G) = 1, then a(G) = 1 unless G is one 
of three exceptional groups [6, Sections 6.4.3 and 6.4.61. It is easy to see that none of 
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these three groups is metacyclic. Thus if G is a metacyclic group with y(G) = 1, then 
also a(G) = 1. A group with a(G) = 1 will be called toroidul. 
Some metacyclic groups have graph theoretic genus one. Gross and Lomonaco com- 
pletely classified the K-metacyclic groups with y = 1; the metacyclic group (p, p - 1, T-) 
has graph theoretic genus one if and only if p = 5 or p = 7 [5]. More generally, their 
work shows that any metacyclic group (m,n,~) has y(G) 3 2 unless r = m - 1 or 
n = 2,3,4 or 6 [5, p. 1711. But Gross had already established that the group (m, n, r) 
has y = 1 if n is 3 or 6 [4]. In addition, (m, n, T) has y = 1 if r = m - 1 [3]. 
Here we are concerned with K-metacyclic groups and their subgroups. We need the 
following. 
Lemma 1. Let G be the metacyclic group (p, 4, r), where p is a prime. Then u(G) = 
r(G) = 1. 
Proof. Let A be the group with generators R, S and relations 
This presentation is (2.6) in the Proulx classification [ 161. Let G have presentation (2.1) 
with n = 4. Define the map cy : A -+ G by a(R) = B, Q(S) = B2A. Since CY((RS)~) = 
(@A)4 = A(“+‘)(“+‘) = 1, the mapping CY :A + G is a homomorphism of A onto G. 
Hence G belongs to the Proulx class (2.6), and y(G) = 1. 0 
Proposition 3. Let G be a subgroup of a K-metacyclic group of type (p, q, r) with q > 2. 
Then r(G) = o(G) = 1 if and only rfq is 3,4 or 6. 
Proof. If p is 5 or 7, then q must be 3, 4 or 6. If T were equal to p - 1, then T E 
-1 (mod p) of course, and q would be 2. 0 
6. Genera of metacyclic groups 
The lower bound of Theorem 1 is attained for the interesting family of K-metacyclic 
groups and their nonabelian even order subgroups. It is further attained for direct products 
of these groups with some cyclic groups. We only consider primes p > 11, since for 
p = 3, 5, or 7 the K-metacyclic group (p, p - 1, r) has symmetric genus zero or one. 
Theorem 2. Let H be a subgroup of a K-metacyclic group given by (p, q, r), where the 
prime p > 11 and q > 8 with q even. Suppose that m 3 1 is an integer relatively prime 
to q. Then 
l+p(mq-8)/4 ifq=4mod8, 
o(Z, x H) = 1 + p(mq - 6)/4 tf q z 2 or q E 6 mod 8, 
1 -+p(mq - 4)/4 if q = 0 mod 8. 
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Proof. Let H have the presentation (4.1) with the conditions on T necessary to make 
H a subgroup of a K-metacyclic group. Let G = 2, x H = (W) x (A, B). Then G 
has a normal subgroup N of order p such that G/N g 2, x 2, g Z,,. In all cases, 
Theorem 1 gives a lower bound and so we must show that it is attained. 
Suppose that q E 2 or q c 6 mod 8. Let R = Bqj2 and S = B2AW. In this case, R 
and S generate G and by Proposition 1, o(R) = 2, o(S) = mq/2 and o(RS) = mq. 
Now, Theorem A yields that a(G) < 1 +p(mq - 6)/4. 
Next suppose that q E 0 mod 8. Let R = Bq12A and S = BW. Clearly, R and S 
generate G and by Proposition 1, o(R) = 2, o(S) = mq and o(RS) = mq. Therefore, 
Theorem A says that a(G) < 1 + p(q - 4)/4. 
Finally, suppose that q E 4 mod 8. Let r be the NEC group with signature 
(1; --; [2, mq/4]; { }). Let n = q/2. Define the map 4 by 
4: x2 -+ B”-2AW, 
a + BA”W(“d/2, 
where Ic is a solution of the congruence Ic . (r + 1) = -r2 (mod p). We see that 
b(x,52u2) = B 2”-2ABAkBAk = Ar’+kr+k _ 1 - . 
By Proposition 1, the order of Bne2AW is mq/gcd(n - 2, q), which equals mq/4. 
Therefore, 4 is a homomorphism. If B” commutes with BA”, then rn = 1 (mod p) 
and the action of B on A is not faithful. Therefore, Proposition 2 and the fact that 
gcd(m, q) = 1 shows that 4 is onto G. Notice that any orientation preserving word in 
r must contain an even number of glide reflections, and so 4(r+) = (A, B2, W) # G. 
It follows that kernel 4 is a Fuchsian surface group by Singerman [ 181. Finally, M = 
l/2 - 4/mq and therefore, a(H) < 1 + p(mq - 8)/4. 0 
Corollary. Let H be the K-metacyclic group (p, p - 1, r), where the prime p > 11. 
Then 
r l+p(p-9)/4 ifp=5mod8, 
a(H) = l+p(p-7)/4 ifp=3orp=7mod8, 
l+p(p-5)/4 ifp~lmod8. 
Not surprisingly, there is some similarity between the formula in the corollary and the 
corresponding formula for the real genus [ 121. The real genus depends on the value of 
the prime p modulo 4, however. 
There is an interesting connection here with the theory of regular maps [2] on surfaces. 
For the basic definitions on regular maps, see [2, pp. 20, lOl-1031. A map is said to 
be of type {r, q} if it is composed of r-gons, q meeting at each vertex. Large groups of 
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automorphisms of Riemann surfaces correspond in a general way to groups of regular 
maps. 
Let G be a group of orientation-preserving automorphisms of a Riemann surface W 
If G is a quotient of a triangle group r(2, n, k), then there is a regular map of type 
{n, Ic} on the topological surface W. The map then provides a way of envisioning the 
action of G. Here we have two interesting families of regular maps with K-metacyclic 
automorphism groups. 
First suppose p = 3 orp = 7 mod 8. Then there is a regular map of type {(p- 1)/2, p- 
1) on a surface of genus g = 1 +p(p - 7)/4. This map has p vertices, p(p - 1)/2 edges 
and 2p faces. For instance, there is a map of type (5,lO) of a surface of genus 12; the 
automorphism group is the K-metacyclic group (11, 10,2). 
Next suppose p 3 1 mod 8. Then there is a regular map of type {p - 1,p - 1) on a 
surface of genus g = 1 + p(p - 5)/4. This map has p vertices, p(p - 1)/2 edges and 
p faces. 
It is also possible to find the symmetric genus of nonabelian subgroups of K-metacyclic 
groups of odd order. 
Theorem 3. Let G be a nonabelian subgroup of type (p, q, r) of a K-metacyclic group. 
Suppose that q is odd and q # 3, so that o(G) 3 2. Let u be the smallest prime factor of 
q, and let (n, m) be the ordered pair with smallest nontrivial n satisfjCng gcd(n, m) = 1 
and n . m = q if such ordered pairs exist. Then 
<l>a(G)=l+p.(q-q/u-2)/2ifq isaprimepowerorifu~(m+n-l)<q, 
and 
(2)afG) = 1 +p.(q- m - n - 1)/2 otherwise. 
Proof. Let ri be an NEC group with signature (0; f; [r~, q, q]; { }) and associated 
canonical presentation 
(5i)” = (X2)4 = (X3)” = ziz2z3 = 1. 
There is a number 2 such that u. 2 = q. Define the map &, by 
51 + (BA)lA, 
4: x2 --f BA, 
[ x3 t ((BA)‘+IA+ 
This map is clearly a homomorphism onto G, and kernel4 is a surface group. Using 
(2.2) we find p(ri)/27r = 1 - l/u - 2/q. 
Now let I’ be an NEC group with signature (2.1) such that G is a quotient group of 
r with kernel a surface group. Since G has odd order, r cannot be a proper NEC group 
(if r were, then 4(r+) = G and U/r would not be a Riemann surface [ 18, p. 521). 
Therefore, r must be a Fuchsian group. 
If the topological genus p 3 2, then clearly p(r)/27r 3 2. First suppose p = 1. If 
the number of periods t > 2, then obviously p(r)/27r 2 1. Suppose t = 1; then r 
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has signature (1; +; [w]; { }) and presentation (x, a, blz” = x . [a, b] = 1). Therefore, 
#(x) E G’ and hence w = p. This implies that p(r) = 1 - l/p, and this group does not 
have minimal noneuclidean area. 
Therefore the topological genus of the quotient space U/r must be zero, and r 
has three ordinary periods. Since the elements of G have order p or order dividing 4, 
the ordinary periods are either p or divide q also. Now suppose that r has signature 
(O;+;[u,u,u/]; { >) h w ere u < u 6 w. If one or more of the ordinary periods are p, 
then w = p and ~(x~zz) E G’. Therefore, d(~t )G’ and b(x~)G’ both have order q and 
so u = u = q. However the area CL(~) is too large to be a minimum. It follows that 
u, u, and 20 all divide q. 
Now suppose that u does not divide v. Let d = gcd(u, v). Suppose d # 1 and so 
U = ut . d and 21 = vi . d. It is easily seen that q = ZLI . q d. Let rz be the NEC 
group with signature (0; +; [ZIP, vu, q]; ( 1). S’ mce zd < q, some elementary calculations 
show that p(r2) < p(r). Let rz have signature (0; +; [u, v, q]; { }) where ‘u. and v are 
relatively prime. Define the map 4 by 
x1 + B", 
#: x2 + B”A, 
53 -+ (~u+vA)-‘. 
So 4 is a homomorphism onto G with kernel4 a surface group. Therefore, either ‘u. 
divides v or u and v are relatively prime. 
Suppose that u divides U. Then both v and w equal q. It is clear that rt is the NEC 
group of this type with smallest noneuclidean area. 
Suppose that u and v are relatively prime. Then w = q and an elementary argument 
shows that w(r2) is minimal when ‘u. = n, the smallest nontrivial relatively prime factor 
of q. So define I$ as the NEC group with signature (0; t; [n, m, q]; { }). Clearly, 
,472),/2.ir = I - I/n- l/m- l/q. 
If q is a prime power, then clearly I’r has minimal area. Hence suppose that Q has two 
or more distinct prime factors. In this case, we must decide when ri has smaller area 
than r2. The following calculation makes this clear. 
km G p(r2) - l/n+ l/m G l/u+ l/q 
_ u.(m+n-1) <mmn=q. 0 
Now let p and q be odd primes such that q divides p - 1. Then the unique 
Then 
a(Gpq) = 1 +dq - 3)/z. 
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It is interesting that this formula holds for (7,3,2), the nonabelian group of order 21, 
which has symmetric genus 1. 
7. The stable genus increment 
We have concentrated on finding the Riemann surface of minimal genus on which a 
finite group G acts. We could also ask for what values of the integer g is there a Riemann 
surface of genus g on which G acts. This question was first considered for orientation- 
preserving actions by Kulkarni in the important paper [8]. The corresponding question 
for actions with orientation-reversing elements was later considered by McCullough and 
Miller [ 151. Kulkarni classified a finite group G into one of two types depending on the 
structure of its Sylow %-subgroup. Kulkarni’s main result is that there exists an integer 
I(G), depending only on the type of the group and on the exponents and orders of the 
Sylow subgroups, such that 
(1) If G acts on an orientable surface of genus g, then g = 1 mod I(G). 
(2) Conversely, if g = 1 mod I(G), then G acts on an orientable surface of genus g, 
except for finitely many values of g. 
The number I(G) is called the stable genus increment of G. There is also a minimum 
stable genus go such that for all g > go of the given form, G acts on a surface of genus g. 
Determining the minimum stable genus for each group in a given family is certainly an 
interesting problem, and Kulkarni and MacLachlan have done this for cyclic p-groups 
r91. 
For a K-metacyclic group G, it is very easy to see (using [8, p. 1951) that the stable 
genus increment I(G) = 1; this follows since a K-metacyclic group has the property 
that all of its Sylow subgroups are cyclic. Thus we have the following nice result. 
Theorem B. Let G be a K-metacyclic group. Then for almost all values of g, G acts 
as a group of orientation-preserving automorphisms of a Riemann sueace of genus g. 
The problem of finding the minimum stable genus of a K-metacyclic group is much 
more difficult, although it is easy to give an upper bound. Define A(s,t) as the NEC 
group with signature 
(o;+;[p,...,p,p-l,...,P- 11; 1 >>T 
where s periods are equal to p and t are equal to p - 1. If A(s, t) gives an action of 
the K-metacyclic group G = (p, p - 1, r) on a Riemann surface of genus g 3 2, then 
A(s+2,t-2)andA(s+2+2p-p2,t+p2-2p-1)bothgiveanactionofGona 
Riemann surface of genus g + 1. Therefore, if we start with A($ - 2p - 2,2), we can 
show by induction that G acts on any surface with higher genus than the initial surface. 
This gives the following upper bound for go. 
go < 1 -p + (p - 1)2(p2 - 2p - 2)/2. (7.1) 
There still remains the following interesting problem 
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Problem. Find the minimum stable genus of each K-metacyclic group. 
We conjecture that it is much less than the bound (7.1). 
Finally, we would like to thank the referee for several suggestions that significantly 
improved the paper. 
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